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1.4 Notes and exercises

The books by Munkres [Munk75] and Weeks [Weeks85| are standard books
on point set topology where the definitions of topological spaces and maps
can be found in details. Munkres [Munk84| and Stillwell [Still80] are good
sources for algebraic and combinatorial topology where simplicial complexes
and their use in triangulation of topological spaces are described. A number
of useful definitions in topology is collected in the survey paper by Dey,
Edelsbrunner and Guha [DEG9S].

The Voronoi diagrams and the Delaunay triangulations are well known
data structures in computational geometry named after Georges Voronoi [Vor07]
and Boris Delaunay [Del34]. They are frequently used in various computa-
tional problems. A good source for the materials on the Delaunay triangula-
tion is Edelsbrunner [Edel01]. Voronoi diagrams are dealt in great details in
Okabe, Boots and Sugihara [OBS92]. The concepts of the restricted Voronoi
and Delaunay diagrams were used by Chew [Chew93] for meshing surfaces.
Edelsbrunner and Shah [ES97| formalized the notion.

The concept of local feature size was first used by Ruppert [Rup95] for
meshing a polygonal domain with guaranteed qualities. His definition was
somewhat different from the one described in this chapter. The local feature
size as defined in this chapter and used throughout the book appeared in
Amenta, Bern and Eppstein [ABE9S].

Exercises

1. Construct an explicit deformation retraction of R? — {0} onto S¢1.

2. Deduce that homeomorphism is an equivalence relation. Show that the
relation of homotopy among maps is an equivalence relation.

3. Construct a triangulation of S? and verify that v — e+ f = 2 where v is
the number of vertices, e is the number of edges and f is the number
of triangles. Prove that the number v — e + f (Euler characteristic) is
always 2 for any triangulation of S2.

4. Let p be a vertex in Del P in three dimensions. Show that a point
z €V, if and only if ||p — z|| < [lg — z|| for each vertex g where pq is a
Delaunay edge.

5. Show that for any Delaunay simplex ¢ and its dual Voronoi face yu =
dual o, the affine hulls aff 4 and aff o intersect orthogonally.
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An edge e in a triangulation T'(P) of a point set P C R? is called
locally Delaunay if e is a convex hull edge or the circumscribing ball of
one triangle incident to e does not contain the other triangle incident
to e completely inside. Show that 7T'(P) is Delaunay if and only if each
edge of T'(P) is locally Delaunay.

Given a point set P C R?, an edge connecting two points p, ¢ in P is
called a nearest neighbor edge if no point in P is closer to ¢ than p is.
Show that pq is a Delaunay edge.

Given a point set P C R?, an edge connecting two points in P is
called Gabriel if the ball with the edge as diameter is empty. The
Gabriel graph for P is the graph induced by all Gabriel edges. Give
an O(nlogn) algorithm to compute the Gabriel graph for P where P
has n points.

Let pg be a Delaunay edge in Del P for a point set P C R®. Show that
if pq does not intersect its dual Voronoi facet g = dualpg, the line of
pq does not intersect g either.

Consider the functions p; and p, as in section 1.2.2. Prove that these
functions are continuous but not Lipschitz.

For a > 0, a function f: ¥ — R is called a-Lipschitz if f(z) < f(y) +
al|z —y|| for any z,y in ¥. Given an arbitrary function f: ¥ — R, one
can make it a-Lipschitz by considering the functions

fm(z) = ggg{f(pHallx—pll},
fu(z) = r;leag{f(p)—allw—pll}-

Prove that both f,, and fas are a-Lipschitz.



Chapter 2

Curve Reconstruction

We will describe two algorithms for curve reconstruction, CRUST and NN-
CRUST in this chapter. First, we will develope some general results that will
be applied to prove the correctness of the both algorithms.

A single curve in the plane is defined by a map &: [0,1] — R? where
[0,1] is the closed interval between 0 and 1 on the real line. The function
¢ is one-to-one everywhere except at the endpoints where £(0) = £(1). The
curve is smooth if £ has a continuous non-zero first derivative in the interior
of [0,1] and the right derivative at 0 is same as the left derivative at 1 both
being non-zero. When we refer to a curve 3 in the plane, we actually mean
the image of one or more such maps. By definition 3 does not self-intersect
though can have multiple components each of which is a closed curve, i.e.,
without any end point.

For a finite sample to be an e-sample for some ¢ > 0, it is essential that
the local feature size f is positive everywhere. While this is true for most
of the smooth curves, the definition of smoothness alone cannot prohibit
f from approaching zero. Indeed there are pathological examples where a
smooth curve has a zero local feature size. So, we explicitly assume that
Y has strictly positive local feature size everywhere. Semi-analytic curves
satisfy this property.

For any two points z,y in ¥ define two curve segments, y(z,y) and
v (z,y) between z and vy, i.e., X = y(z,y) Uv'(z,y) and y(z,y) N+ (z,y) =
{z,y}. Let P be a set of sample points from ¥. We say a curve segment is
empty if its interior does not contain any point from P. An edge connecting
two sample points, say p and g, is called correct if any of y(p, q) and v/ (p, q) is
empty. In other words, p and ¢ are two consecutive sample points on X. Any
edge that is not correct is called incorrect. The goal of curve reconstruction
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is to compute a piecewise linear curve consisting of only all correct edges. In
Figure 2.1(b) all solid edges are correct and dotted edges are incorrect.

(a)

Figure 2.1: (a) A smooth curve, (b) its reconstruction from a sample shown
with solid edges.

We will describe CRUST in subsection 2.2 and NN-CRUST in subsec-
tion 2.3. Some general results are presented in subsection 2.1 which are used
later to claim the correctness of the algorithms.

2.1 Consequences of e-sampling

When P is an e-sample of X for sufficiently small €, several properties can
be proved.

Lemma 2.1 (Empty Segment.) Let p € P and = € ¥ so that vy(p,x)
is empty. Let the perpendicular bisector of pxr intersect the empty segment
Y(p,x) at z. For e <1, the ball B, |, has the following properties:

(i) it intersects X only in vy(p,x),
(i) it is empty,
(1i1) |lp — z|| < ef(2).

PROOF.  Suppose B = B, |, does not intersect 3 in v = (p, z), see
Figure 2.2. Shrink B continuously centering z till B Ny becomes a 1-ball
and it is tangent to some other point of X. Call the deformed ball B as B’.
The ball B’ exists as B would eventually intersect ¥ in an arbitrarily small
neighborhood of z which is a 1-ball and B N ¥ is not the 1-ball v to begin
with. The ball B’ is empty of any sample point as Int B’ intersects X only in
a subset of v which is empty. But, since B'NX is not a 1-ball, it contains a
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medial axis point by Feature Ball Lemma (1.1). Then, its radius is at least
f(z). The point z does not have any sample point within f(z) distance as
B’ is empty. This contradicts the e-sampling condition for € < 1. Therefore,
B intersects ¥ only in y(p, z) completing the proof of (i).

The property (ii) follows immediately as y(p,z) is empty and B inter-
sects X only in y(p,z). By e-sampling, the nearest sample point p to z is
within e f(z) distance establishing (iii). O

Figure 2.2: Illustration for Empty Segment Lemma. The picture on the left
is impossible while the one on the right is correct.

The Empty Segment Lemma (2.1) implies that points in an empty seg-
ment are close by and any correct edge is Delaunay when € is small.

Lemma 2.2 (Small Segment.) Let z, y be any two points so that y(z,y)
is empty. Then ||z —y|| < lz—fef(x) fore < 1.

PROOF. Since y(z,y) is empty, it is a subset of an empty segment v(p, q)
for two sample points p and ¢. Let z be the point where the perpendicular
bisector of pg meet y(p,q). Consider the ball B = B, |, |- Since y(p, q) is
empty, the ball B has the properties stated in the Empty Segment Lemma
(2.1). Since B contains y(p, q), both z and y are in B. Therefore, ||z —z| <
ef(z) by the e-sampling condition. By Feature Translation Lemma (1.3)

f(z) < 12 We have
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Lemma 2.3 (Small Edge.) Let pq be a correct edge. Then, for e < 1,

(i) llp—qll < Z f(p) fore <1,

(71) pq is Delaunay.

PROOF. Any correct edge pq has the property that either v(q,p) or v(p, q)
is empty. Therefore, (i) is immediate from Small Segment Lemma (2.2). It
follows from property (ii) of Empty Segment Lemma (2.1) that there exists
an empty ball circumscribing the correct edge pg proving (ii). a

If three points =,y and z on ¥ are sufficiently close, the segments zy and
yz make small angle with the tangent at y. This implies that the angle Zzyz
is close to . As a corollary two adjacent correct edges make an angle close
to .

Lemma 2.4 (Segment Angle.) Let x,y and z be three points on ¥ with
|z — y| and |ly — 2| being no more than 2 f(y) for e < 0.5. Let o be the
angle between the tangent to X at y and yz. Then,

(i) a < arcsin =,

(i) Zxyz > m — 2arcsin 1=

PrOOF. Consider the two medial balls sandwiching ¥ at y as in Fig-
ure 2.3. Let a be the angle between the tangent at y and the segment yz.
Since z lies outside the medial balls, the length of the segment ¥z’ is no more
than that of yz where 2’ is the point of intersection of yz and a medial ball
as shown.

In that case,

o < arcsin ((1520) / m o)
= arcsin ((2520) /(-

It is given that |ly — z|| < = f(y) where € < 0.5. Also, [|m —y| > f(y)
since m is a medial axis point. Plugging these values we get

. €
o < arcsin 1

completing the proof of (i).
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Figure 2.3: Illustration for Segment Angle Lemma.

We have
myz > g —a
/ > T i
myz — — arcsin )
yz = 2 1—¢

Similarly it can be shown that Zmyx > 7 — arcsin =-. The property (ii)
follows immediately as Zzyz = Zmyz + Zmyzx. O

Since any correct edge pg has a length no more than lz—fs f(p) fore <1
(Small Edge Lemma (2.3)), we have the following result.

Lemma 2.5 (Edge Angle.) Let pg and pr be two correct edges incident to
p. We have Zgpr > m — 2arcsin 1= for e < 1.



