Lecture 8: Matrix based Subdivisions !
Matrix form for B-splines

We saw that a second degree uniform B-spline curve is given by p;(u) = UMP for i € [1,n — 1]
and 0 < u < 1 where

1 1 -2 1
M:§ 2 2 0
1 1 0

and P = [p; 1 pi pir1]”.
To produce a binary subdivision we will produce two curves p;jg.1/9(u) and pjf1/2,1)(u), which
split the curve p;(u) at u = 1/2. By reparameterization we can write p;j,1/9)(u) as pi(u/2). So,

’U,2 u
pi(u/2) = [Zgl]MP
£ 00
= W’ull| 0 1 0 |MP
0 0 1
= UMM 'XMP
= UMSp,/P
= UMQ
where
1
1 00
X=[0 % 0
0 0 1
and
qi—1 Pi-1
Q= Qi = S[0,1/2] P
qi+1 Pi+1
with

S(0,1/2) = M 'XM.

The matrix Sjg 1/9) is called a “splitting matrix”. One can calculate that

1
So,1/2) = 3

S = W
= o O

1
3
3
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Carrying out the calculations, we obtain that

qi—1 1 3pi—1 + P;
qi =71 | Pt + 3p;
qQi+1 3pi + Pit1

Observe that py,1/2)(u) is a uniform quadratic B-spline curve defined by Q.

Second half

To produce the second half that is p;j1/2,1(u) we look at p;(u/2 + 1/2).

(u+1)? (u+1)
4 2

pi(u/2+1/2) = |

200
= wPul]l| 3 L 0 |MP
2 2
1 1
4 2
= UMM 'YMP
= UMSp; P
= UMR
where
1
100
Y=|3 5 0
1 1
i 2 1
and
ri_1 Pi-1
R=| r |=Sppy| Ppi
Tit+1 Pi+1
with

Sp1/21 = M 'YM.

1 1 3 0
Spay=70 31
0 1 3
Carrying out the calculations, we obtain that
ri_1 1| Pi-1+3pi
ri | =5 | 3Pi-1 + P
Tigl P;i +3Pi+1

Again, p1/,1](u) is a uniform B-spline curve with R as control point vector.
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Refinement procedure

Out of the six new control points, four are unique and two are shared, q; = r;—; and q;+1 = r;.
The four conrol point q;—1,q;, r;, ri+1 form the new control polygon. One can apply the procedure
again and again to get better approximations. Since the two splitting matrices share two rows we
can combine them into one to obtain the four new control points as follows:

qi-1 3 1 0

Qi 101 3 0 Pi-1
r, | 4|0 3 1 Pi
rivi 0 1 3 Pi+1



